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Abstract-we prove the global existence theorem to the Smoluchovsky coagulation equation 
with space inhomogeneous velocity fields. Coagulation kernels are unbounded with multiplicative 
growth on infinity and include almost all physically reasonable cases. Initial data are supposed to be 
sufficiently small. The a priori estimate obtained allows to prove the uniqueness of solution as well. 
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We examine the general coagulation equation, which for space inhomogeneous case can be written 
as 
wz, zz, t) 2 
at 
+- div,(v(z, z)c(z, z, t)) = 1 
s 2 0 
K(x - Y, Y)c(~: - Y, z, ~)c(Y, z, t) dy 
- c(z, 2, t) 
sm 
K(z, Y)C(Y, z, t) dy, (1) 
0 
c(z, z, 0) = CO(Z, z) 2 0. (2) 
It describes the time evolution of particles in disperse systems with distribution function 
~(2, z, t) > 0 of mass z 2 0 at time t > 0 at space point z E R3 whose change in mass is 
governed by the nonnegative reaction rate K, which is called the coagulation kernel. The co- 
agulation kernel K models the rate at which particles of mass 2 coalesce with those of mass y. 
o(z, z) E R3 is a known velocity of transfer of particles with mass 2. Applications of (1) can be 
found in many problems including chemistry (e.g., reacting polymers), physics (aggregation of 
colloidal particles, growth of gas bubbles in solids), astrophysics (formation of stars and planets), 
meteorology (merging of drops in atmospheric clouds). This spatially inhomogeneous equation 
was studied, e.g., in [1,2] for bounded kernels K and in [3] for unbounded coagulation kernels of 
special type. In [4], the case w(z) = const. for z 2 20 is considered and by transformation of 
variables 2 H z - vt is reduced to a space uniform situation. In this letter, we are concerned with 
kernels K(z, y) i Ic(l + x)(1+ y) w ic h’ h include the main part of physically reasonable cases. 
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We assume that there exists 6 > 0 such that 
div,v(x, Z) 2 6, x E [O,m), z E R3. (3) 
This condition holds, e.g., for particles moving in a gravitation field. In fact, motion of a particle 
with zero initial velocity, falling on a star with mass X from a distance ~0, satisfies the correlation 
where y is the gravitational constant. 
First, we fix T > 0 and introduce the space 52x(T), X > 0 of continuous functions 
bounded norm 
with a 
exp(Xx) sup Ic(x, z, t)l dx + 
- ZER3 
z,*~w<TICcw)l. 
-- 
We use the notation R(T) = U Rx(T) and the superscript + indicates a nonnegative cone in a 
A>0 
space. In this paper, we prove the following theorem. 
THEOREM. Let nonnegative continuous coagulation kernel K satisfy the inequality 
K(x,Y) I k(l + x)(1 + Y), (x,Y) E R2+, k = const. (4 
Let co E a+(O), 21 E C ‘, div,v 2 -b = const. and (3) holds. Then there exist positive constants A 
and a such that the problem (l),(2) has global in time solution c E R+(T) if, in addition, 
CO(X, 2) I Aexp(-ax), x E R:, .z E R3. (5) 
This solution is unique in class R(T) if the following condition is provided: 
div,w(x, Z) I B(l + x), B = const, x E [O,(x)), z E R3. 
LEMMA 1. Let K be a continuous nonnegative function with compact support. Let v E Cl, CO E 
a:(O), and \div,v\ 5 b, b = const. Then, the problem (l),(2) has a local solution c E Rx(t) for 
some t > 0. 
PROOF. We write (l),(2) in the integral form 
c(x, z, t) = co(x, zo> + s t {S(c)(x, Z(S), s) - divZv(x, z(s))c(x, z(s), s)} ds. 0 (6) 
Here, S(c) is the collision operator, equal to the right-hand side of equation (l), Z(S) is the 
characteristic curve going through the point (x,t, t), z(t) = z, z(O) = ZO. We consider the 
right-hand side of (6) as a mapping R(c). Then, R : Cl,(t) )--) aA for all t > 0 and 
llR(c) - R(d)l(t, 5 sup exp(X(x + Y)) su~(lc - 4(z) Ic + dl(y))da:dy 
z 
+;KXz~~~S<tlc-dl sup Ic+dj+blJc-d)li 
9 I - - z,z,ojs<t 
~B(1+X)lIc+dllj,+b)tllc-dllLI, 
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where K = sup K(z, y), K(z, y) = 0, if Z, y > X. Hence, R is a contraction for 
( 
-1 t< $7(l+x)llc+dll;+b . 
> 
We find the invariant balls with respect to R. First, 
llWIl”x I Ilcoll~ + J’ { $1 + X)(k# + blldi) ds; 
0 
this proves that IIR(c)llf 5 11~11~ when ~1 5 Ilcll~ I 772, where ~1 and 772 are the roots of the 
algebraic equation ;K(l + X)tq2 + btv + Ilcoll~ = 17; th e roots 71 and ~2 are positive because t is 
small. The conclusion of Lemma 1 now follows from the contraction mapping theorem. I 
LEMMA 2. If the conditions of Lemma 1 are satisfied, then a solution c E CIA(~) is nonnegative. 
PROOF. Let the initial distribution CO be strictly positive. Suppose that, at the point (x1, zl, tl), 
the solution c E Rx(t) has its first zero: 
C(Zl,a,tl) = 0, C(?Z, q > 0, for 0 It < tl, 2 E [O,~ll, 2 E [zo, al. 
However, the derivative is positive along the characteristic at (~1, ~1, tl): 
@a,a,h) = 1 z1 
dt 5 0 J K(~I -Y,Y)c(~~ -~,zl,tl)c(y,tl,tl)dy > 0, 
if K(z - y, y) # 0. H ence, since c is continuous, we have c(z1, B(S), s) = 0 for some s < tl. This 
is in contradiction with c being positive. 
If CO is not strictly positive, then approximating the initial function CO 2 0, in the metric ll.l[~, 
by a sequence of positive functions go” > 0, n 2 1, we obtain 
lb- g”ll”x = IMc) - RWlltX 5 4Ic- g”lli + Ilco - gOnIl;, n 2 1, 
hence, c is nonnegative: 
llc - g”ll”x I (1 - a)-l llco - gonllox + 0, n -+ cm. 
Here, cu < 1 is the contraction constant of the operator R. Similar reasonings take place if there 
exists z > 0 such that K(a: - y, y) = 0 for all y E [0,x]. In this case, we approximate the kernel 
Wz, Y) by G, n > 1. This proves Lemma 2. I 
LEMMA 3. Let conditions of Lemma 1 hold, but v obeys the weaker condition div,v 2 -b. Then, 
the problem (l),(2) has global in time solution c E G+(T). 
PROOF. Extend the solution for all t > 0 if Idiv,vl < b based on the a priori estimate of bound- 
edness, which was established in [5]. Then, we use the approximation (divZv)n --f div,v, n + co. 
The corresponding sequence of solutions c, is bounded in Ox(T). It becomes obvious if we 
write (l), (2) in the following form: 
c(Z,Z,t) =exp (-ldiv,vds) (co +gexp (irdiv,vds) S(c)dT) 
I exp(bT) Ilcoll~ + JT IS(C)I~T . 
0 
This ‘proves Lemma 3. 
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LEMMA 4 (MAIN). Let conditions of the theorem hold. Then, there exist positive constants X, Co 
such that any continuous nonnegative solution to (l),(2) obeys the inequality 
c(z, z, t) i Co(l + x)-l exp(-Xx) exp(-bt). 
PROOF. We use the substitution 
c(x,z,t) = g(z,z,T)exp(-6t)(l+ x)-l, T = 1 - exp(-6t), 7 E [O, 1). (7) 
Then from (l),(2), we obtain 
62 + (1 - 7)-+(x, z), Vzg) = ;(l+ x) Jdz (1 ;;;;,“;1”; Y)g(z - YMY) dY 
s 
O” 
- g(x) 
K(z, Y) 
[d iv, 21 - S](l - T)-lg(z), 
0 
,,yS(Y) dY - 
(8) 
gl7=0 = (1 + x)co(x, 2) = 90(x, 2). (9) 
We write (8),(g) in the integral form and take supzER3. Then, we have supzER3 g(x, z, t) 5 f(x,t) 
where f is the right-hand side of the inequality obtained. Finally, we establish with (3),(4),(5), 
taking into account that the majorant nonnegative function f satisfies the following inequality 
lg I $(1+ x)f * f(x), 
&=o = fo(x) < A(l+x)exp(-ax) 5 A max{a-l,l}, (11) 
where f * f means the convolution: f * f(x) = st f(x - y)f(y) dy. We should point out as well, 
that 
with 
.~o(x) < -4 exp(-(a - E)x), 
A, = EC1 exp(& - l), 0 < E I min{a, 1). (12) 
For x < 1, we have from (lO),(ll): 
(13) 
fo(x) < A max{a-I, 1). (14) 
Changing the inequalities (13),(14) to equalities and solving the equation obtained, we can see 
that 
f (x9 %I < Amax{a-l,l}exp(AlcS-lmax{a-‘,l}~~). 
Consequently, if 0 < x, T < 1, then 
,. 
f(x,~) 5 A = Amax {a-‘, l} exp (AMml max {a -l, 1)) . (15) 
We are in position now to prove that f < h if the “upper” function h satisfies the following 
equation: 
ah 
- = Id-‘xh * h(x), 
aT 
(16) 
hj,=o = ho(x) = Coexp(-(a - E)x), (17) 
where 
Co>max{A,, aexp(a--E)}. (18) 
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Expressions (lo), (15), (17), (18) yield 
ho(z) > fo(z), ifzL0 and ho(z) > f(z,r), 
Using the Laplace transform, we can solve (16),(17) and obtain 
h(x, T) = fJ (~I~Tx~T~-‘)~-’ Cg,(giT)2!j, exp( 
n=l 
- 
if 0 52,~ 2 1. (19) 
(a - s)z), (20) 
with (2n - 3)!! = 1.3 + 5. . . . . (2n - 3), (-l)!! = 1. Using the equality (272)!! = 2%!, we establish 
the inequality 
h(x,~) 5 Cscosh (d-x) exp(-(a -E)x), 7 E [O, l), x L 0. (21) 
Prom (20), we see that the function h is continuous and increases in r. Consequently, h(x, 7) > 
f(x, 7) for 0 5 x, 7 < 1. To demonstrate f < h, we assume that there is a set D of points (2,~) 
on which f(x,r) = h(x,T). It is worth noting that (19) yields z > 1,~ > 0 if (2,~) E D. We 
choose (xc, 70) E D, so that the rectangle Q = [0, xc) x [0, TO) contains no points of D. As far 
as h and f are continuous, we have f(x, T) < h(x, T) for (x, T) E Q. Hence, 
s 
70 
f(zo, To) = h(zo, To) = ho(zo) + ~zo~-’ h * h(xo, s) ds 
0 
> fo(x0) + $+(l +x0) 
s 
oTo f * f(zo, a) ds 2 f(zo, To). 
We arrive at the contradiction f(xo, TO) > f(x0, TO), which proves that D is empty and f(x, T) < 
h(x,T),x 2 0, 0 5 7 < 1. 
Prom (7),(21), we see that if we impose the condition 
l/W<a, (22) 
then the assertion of Lemma 4 holds with X = a - E - Jm > 0. I 
PROOF OF THE THEOREM. We construct the sequence of continuous nonnegative kernels {K,}, 
n 2 1 with compact supports such that &(x, y) = K(x, y) if z, y < n. In accordance with 
assertion of Lemma 3, for each K, there exists a nonnegative solution c, E R+(T) of the prob- 
lem (l),(2). Using the approach from [5,6], we show that the sequence {c,} is a relatively compact 
subset of the space of continuous functions with the topology of uniform convergence on each 
compacta in II = [O,oo) x R3 x [O,T]. By the standard diagonal process, we build a continu- 
ous nonnegative function c such that c, + c on each compscta in II. Passing to the limit in 
equation (l), with c replaced by c, is possible due to the assertion of Lemma 4, which ensures 
uniform smallness of the integral “tails” l,“(l + x)&(x, Z, t) dx. Therefore, the limit function c 
is a solution to (l),(2) indeed. This completes the proof of existence in class R+(T). To prove 
uniqueness, we use [6, Lemma 41. The theorem has been proved. I 
REMARK 1. Prom (12), (15), (17) and (22), we can see that the conditions of the theorem hold, 
e.g., for 
a>-++, Aexp(AkF’+a-1) Il. 
In this case, we choose E = 1, A, = 1. 
REMARK 2. Prom (6), we see that the solution tends to zero as t + 00. 
REMARK 3. The assertion of the theorem holds if the disperse system concerned has effluence 
or absorption which correspond to adding the term 6c(x) to the left-hand side of equation (1). 
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